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Abstract
The basics of precanonical quantization and its relation to the functional Schro¨d-
inger picture in QFT are briefly outlined. The approach is applied to quanti-
zation of Einstein’s gravity in vielbein and spin connection variables and leads
to a quantum dynamics described by the covariant Schro¨dinger equation for
the transition amplitudes on the bundle of spin connection coefficients over the
space-time, that yields a novel quantum description of space-time geometry. A
toy model of precanonical quantum cosmology based on the example of flat
FLRW universe is considered.
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1 Introduction
We are accustomed to the notion that fields are infinite dimensional Hamiltonian sys-
tems and the fact that time plays a special role in the formalism and interpretation of
quantum theory. Both aspects can be seen as inherited from the canonical Hamiltonian
treatment which is a basis of canonical quantization both in quantum mechanics and
quantum field theory. However, it is much less known that the Hamiltonian formula-
tion can be extended to field theory without explicitly distinguishing the time dimen-
sion and without referring to the infinite dimensional configuration or phase space.
The examples of such an extension are known in the calculus of variations of multiple
integrals, the simplest of them is the De Donder-Weyl (DW) theory (see e.g. [1]).
The DW Hamiltonization of a field theory given by the first order Lagrangian
L = L(ya, yaµ, x
ν) is based on the covariant Legendre transformation to the new set of
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variables: polymomenta
pµa :=
∂L
∂yaµ
and the DW Hamiltonian function
H(ya, pµa , x
µ) := yaµ(p)p
µ
a − L.
If the transformation is regular, i.e.
det
∣∣∣∣∂2L/∂yµa∂yνb ∣∣∣∣ 6= 0,
the field equations can be cast into the DW covariant Hamiltonian form:
∂µy
a(x) =
∂H
∂pµa
, ∂µp
µ
a(x) = −
∂H
∂ya
. (1)
Precanonical quantization is aimed at the construction of quantum field theory
based on the space-time symmetric version of the Hamiltonian formalism like the DW
formulation. It has been demonstrated (see e.g. [2]) that the mathematical structures
of the DW formulation (also known as multi- or polysymplectic) are in a sense inter-
mediate between the Lagrangian and the canonical Hamiltonian description, whence
the term ”precanonical” proposed by us.
In the previous papers [3], to which I refer for more details, it was argued that
precanonical quantization leads to the following representation of the operators of
polymomenta:
pˆνa = −ih¯κγ
ν ∂
∂ya
, (2)
which act on the Clifford-valued (in general) wave functions Ψ(y, x) on the finite
dimensional space of field and space-time variables y and x. The constant κ natu-
rally appears in precanonical quantization on the dimensional grounds: its dimension
in n space-time dimensions is cm1−n and it is related to the inverse of a very small
”elementary volume” as it appears e.g. in the representation of the (n − 1)-forms
̟ν := ∂ν (dx
0 ∧ ... ∧ dxn−1) in terms of the Clifford algebra elements: ̟̂ν = 1κγν.
The covariant analogue of the Schro¨dinger equation in precanonical quantization
takes the form:
ih¯κγµ∂µΨ = ĤΨ, (3)
where Hˆ is the DW Hamiltonian operator. For the free scalar field y
Ĥ = −
1
2
h¯2κ2
∂2
∂y2
+
1
2
m2
h¯2
y2. (4)
It corresponds to the harmonic oscillator along the field dimension y and its spectrum
κm(N + 1
2
) means that free particles of mass m correspond to the transitions between
nearby eigenstates of DW Hamiltonian operator.
2
The question arises, how the description in terms of the wave function on the
finite dimensional space, Ψ(y, x), is related to standard QFT, e.g. the description in
terms of the Schro¨dinger wave functional Ψ([y(x)], t) on the infinite dimensional space
of field configurations y(x), which is derived from canonical quantization? If Ψ(y, x)
has a probabilistic meaning of the probability amplitude of observing the value of a
field y at the space-time point x, then the wave functional Ψ([y(x)], t) should be a
composition of amplitudes Ψ(y, x) taken along the surface Σ : y = y(x) at the time
t. Althought the idea has been around already since 1998 [4], the exact form of this
composition in the case of scalar field theory was established only recently in [5]:
Ψ = Tr
{∏
x
e−iy(x)γ
i∂iy(x)/κΨΣ(y(x),x, t)
}∣∣∣∣∣
γ0κ→δ(0)
. (5)
Here, starting from the solution of (3) restricted to the surface Σ we construct the
functional Ψ which, under the map γ0κ → δ(0) (which is actually the inverse of
the Clifford-algebraic ”quantization map” from the exterior forms to Clifford num-
bers in the limit of vanishing ”elementary volume” 1/κ → 0), satisfies the canonical
Schro¨dinger equation in functional derivatives. In this way, the standard QFT based
on canonical quantization appears as a singular limit of QFT based on precanonical
quantization.
2 DW formulation of vielbein gravity
Our earlier application of precanonical quantization in quantum gravity [6] was based
on the DW formulation in metric variables. The resulting formulation is necessarily a
hybrid (quantum-classical) theory because a part of the spin connection term in the
curved space-time Dirac operator in (3) cannot be expressed in terms of the variables
of metric formulation and, therefore, quantized.
Here we explore an alternative approach proceeding from the Lagrangian density
written in terms of the vielbein eµI and torsion-free spin connection variables ω
IJ
α , viz.
L =
1
κE
ee
[α
I e
β]
J (∂αωβ
IJ + ωα
IKωβK
J) +
1
κE
Λe, (6)
where κE := 8πG and e := det ||e
I
µ||.
If we treat the components of vielbeins and spin connections as independent dy-
namical variables (c.f. [7]), then the corresponding polymomenta
pαeI
β
=
∂L
∂(∂αeIβ)
≈ 0, pαωIJ
β
=
∂L
∂(∂αωIJβ )
≈ 1
κE
ee
[α
I e
β]
J (7)
lead to what can be called the primary constraints in DW formalism, i.e. the under-
lying DW Legendre transformation is singular and there is no unique expression of
space-time gradients of fields in terms of the field variables and polymomenta.
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Unfortunately, the theory of singular DW Hamiltonian systems is not yet suffi-
ciently developed for the purposes of quantization (c.f. [8]). We, therefore, will be
guided by our treatment in [9]. Namely, using the primary constraints we write down
an extended DW Hamiltonian density
(8)H = −
1
κE
ee
[α
I e
β]
J ωα
IKωβK
J −
1
κE
Λe+ µ · pe + λ · (pω −
1
κE
ee ∧ e) ,
where µ and λ are the Lagrange multipliers (for the sake of brevity we omit, when
appropriate, writing the indices explicitly). The DW Hamiltonian equations given by
H:
∂[αω
IJ
β] = λ
IJ
αβ, ∂αp
α
eI
β
= −
∂H
∂eIβ
, (9)
∂αe
I
β = µ
I
αβ, ∂αp
α
ωIJ
β
= −
∂H
∂ωIJβ
, (10)
yield, respectively, the Einstein equations as a consequence of preservation of the
constraint pαe ≈ 0 and the covariant constancy condition ∇β(ee
[α
I e
β]
J ) = 0, which can
be transformed into the expression of spin connection in terms of vielbeins and their
derivatives.
Note that eqs. (9), (10) are tantamount to the preservation of (n − 1)-forms
constructed from the constraints (7), see [9]. As the Poisson-Gerstenhaber brackets
of those forms1 do not weakly vanish, the constraints in (7) are second class [9]. To
cope with this we use our generalization of the Dirac bracket to the singular DW
Hamiltonian formalism [9] and notice that the following brackets can be obtained
formally without knowing the explicit form of the inverse matrix of PG brackets of
constraints:
{[pαe̟α, e
′ ]}D = 0 , (11)
{[pαω̟α, ω
′ ]}D = {[pαω̟α, ω
′ ]} = δω
′
ω , (12)
{[pαe̟α, pω ]}
D= {[pαe̟α, ω ]}
D= {[pαω̟α, e ]}
D= 0. (13)
We assume that these brackets are the fundamental ones whose quantization allows
us to construct all other operators of the theory by composition.
1The Poisson-Gerstenhaber (PG) brackets of forms have been found within the DW Hamiltonian
formalism in our earlier work, see e.g. [1b], and their quantization underlies the precanonical quan-
tization program, see [3,4]. An attempt to construct their Dirac-like generalization in singular DW
theories is undertaken in [9]. However, a more natural approach, which is still a work in progress,
would be a construction of brackets from a proper restriction of the polysymplectic form to the surface
of constraints instead of a formal generalization of the Dirac formula.
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3 Quantization
Quantization of formal Dirac brackets (11), (13) and the constraint pe ≈ 0 allow us
to set p̂e = 0. It means that our precanonical wave functions will depend only on the
spin connection and space-time variables, not on the vielbein variables: Ψ = Ψ(ω, x).
Since the bracket in (12) coincides with the familiar brackets of polymomenta and
field variables in DW Hamiltonian formalism, we can use the curved space-time gener-
alization of the operator representation of polymomenta in precanonical quantization,
viz.
pˆαωIJ
β
= −ih¯κ
...eˆγˆ
[α ∂
∂ωIJβ]
... , (14)
where eˆ and γˆα are yet unknown operators and
... signifies a potential operator ordering
ambiguity.
Now, if we contract the second constraint in (7) with the flat γIJ -s:2
ee
[α
I e
β]
J γ
IJ = eγαβ ≈ κEp
α
ωIJ
β
γIJ , (15)
and insert the precanonical operator representation of pˆαω in eq. (14) into the operator
version of the constraint (15), we obtain the operator representation of the curved
space-time Dirac matrices and vielbeins, viz.
γ̂β = −ih¯κκEγ
IJ ∂
∂ωIJβ
, eˆβI = −ih¯κκEγ
J ∂
∂ωIJβ
. (16)
This allows us to construct the DW Hamiltonian operator Hˆ , such that Ĥ|C=: êH,
where |C denotes the restriction to the surface of constraints (7):
Ĥ = h¯2κ2κEγ
IJ ...
∂
∂ωIJ[α
∂
∂ωKLβ]
ωα
KMωβM
L...−
1
κE
Λ . (17)
4 Covariant Schro¨dinger equation for quantum gravity
The precanonical analogue of the Schro¨dinger equation for quantum gravity, which
generalizes eq. (3), will have the form
ih¯κ /̂∇Ψ = ĤΨ , (18)
were /̂∇ := (γµ(∂µ + ωµ))
op with ωµ :=
1
4
ωµIJγ
IJ is the ”quantized Dirac operator”.
Using the operator representation of the curved space gamma-matrices in (16) we
obtain:
/̂∇ = −ih¯κκEγ
IJ ...
∂
∂ωIJµ
(
∂µ +
1
4
ωµKLγ
KL
)
... . (19)
2We define γν := eν
I
γ
I
, γ
I
γ
J + γJγI = 2ηIJ ; ηIJ is a fiducial flat Minkowskian metric with the
signature +−−...−.
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Hence, our precanonical counterpart of the Schro¨dinger equation for quantum gravity
takes the form
(20)γIJ
...
∂
∂ωIJµ
(
∂µ +
1
4
ωµKLγ
KL −
∂
∂ωKLβ
ωKM[µ ωβ]M
L
)
...Ψ +
Λ
h¯2κ2κ2E
Ψ = 0.
This equation determines the wave function Ψ(ω, x) or the transition amplitudes
〈ω, x|ω′, x′〉 which provide a quantum description of geometry generalizing the classi-
cal differential geometry which uses smooth connection fields ω(x). This description is
different from the already existing approaches to the quantum geometry of space-time
in quantum geometrodynamics, loop quantum gravity or non-commutative geometry.
5 Defining the Hilbert space
In order to specify the Hilbert space we first assume that our wave functions are
vanishing at large ω-s. Physically it means that the regions of very large curvature
R = dω+ω∧ω are avoided by the wave function. The scalar product should have the
form: 〈Φ|Ψ〉 :=
∫
[dω]ΦΨ, where [dω] is a Misner-like [10] covariant measure on the
space of spin connection coefficients, which we found to have the form
[dω] = e−n(n−1)
∏
µIJ
dωIJµ . (21)
However, since e := det||eIα|| and e
I
α form the inverse matrix of e
α
I , which are themselves
differential operators according to (16), this measure is operator-valued with
eˆ−1 = 1
n!
ǫI1...Inǫµ1...µn eˆ
µ1
I1
...eˆµnIn . (22)
Hence, our scalar product has the form
〈Φ|Ψ〉 :=
∫
Φ [̂dω]Ψ. (23)
In order to ensure that the DW Hamiltonian operator Ĥ is self-adjoint with respect
to this scalar product the expectation values are defined as follows,
〈Hˆ〉 :=
∫
Ψ
(
[̂dω]Hˆ
)
W
Ψ, (24)
where the subscript W denotes the Weyl ordering.
There is a remaining local coordinate freedom in spin connection coefficients which
should be fixed. A possible choice could be the De Donder-Fock condition, i.e. the
choice of harmonic coordinates on the average:
∂µ
〈
Ψ(ω, x)
∣∣êgµν∣∣Ψ(ω, x)〉 = 0, (25)
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where
ĝµν = −h¯2κ2κ2Eη
IJηKL
∂2
∂ωIKµ ∂ω
JL
ν
(26)
is the metric operator obtained from (16), and the operator ordering in (25) is fixed
by the Weyl ordering prescription in (24). Note that in the present formulation the
coordinate condition is imposed on the wave functions Ψ(ω, x) rather than on the
metric or vielbein fields.
6 Precanonical quantum cosmology, a toy model
Let us consider n = 4, k = 0 FLRW metric with a harmonic time coordinate τ
ds2 = a(τ)6dτ 2 − a(τ)2dx2 = ηIJe
I
µe
J
νdx
µdxν . (27)
Then e0ν = a
3δ0ν and e
J
ν = aδ
J
ν for J = 1, 2, 3, and the non-vanishing components of
spin connection are ω0Ii = −ω
I0
i = a˙/2a
3 =: ω, where i = I = 1, 2, 3.
In this simple case there is only the Λ-term which remains in the DW Hamiltonian
operator, eq. (17), and eq. (20) takes the form
(
2
3∑
i=I=1
αI∂ω∂i + 3ω∂ω + λ
)
Ψ = 0, (28)
where αI := γ0I and λ := 3
2
+Λ/(ℏκκE)
2, if the Weyl ordering is used. Note that the
correct value of Λ can be obtained from the constant of order unity which results from
the operator ordering, provided κ ∼ 10−3GeV 3.
By separating variables Ψ := u(x)f(ω) we obtain the equation on u:
2
∑
i=I
αI∂iu = iqu,
where the imaginary unit comes from the anti-hermicity of ∂i, and the equation on
the wave function in ω-space:
(iq∂ω + 3ω∂ω + λ)f = 0,
whose solution f ∼ (iq+3ω)−λ yields the probability density (similar to t-distribution)
ρ(ω) := f¯f ∼ (9ω2 + q2)−λ. (29)
At λ > 1/2, which is required by L2[(−∞,∞), [dω] = dω] normalizability in ω-space,
this distribution has a bell-like shape centered at the zero expansion rate a˙ = 0. The
most probable expansion rate can be shifted by accepting complex values of q, and the
inclusion of minimally coupled matter fields changes λ.
Although our toy model bears some similarity with the minisuperspace models, its
origin and the content are different. It is obtained from the full quantum Schro¨dinger
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equation (20) when the field ω is one-component, rather than via quantization of a
reduced mechanical model deduced under the assumption of spatial homogeneity. In
fact, the naive assumption of spatial homogeneity of the wave function: ∂iΨ = 0, or
q = 0, would not be compatible with its normalizability in ω-space. Instead, our model
implies a quantum gravitational structure of space at the scales ∼Re1
q
and ∼ Im1
q
given
by u(x).
7 Discussion
This paper presents rather a prototype of the theory of quantum gravity which re-
sults from a brute force implementation of precanonical quantization in general rel-
ativity. Our goal was to highlight the potential of the approach in constructing a
mathematically well-defined, nonperturbative, covariant and background independent
formulation of quantum gravity and to discuss some features of the resulting theory.
A difficulty we faced is related to the second class constraints in the DW Hamilton-
ian formulation whose complete analysis is not well understood. In fact, in addition to
the brackets in (11)–(13), one can also calculate e.g. {[eαI̟α, ω
IJ
ν ]}
D which, however, is
hardly possible to quantize directly using the Dirac’s rule, because it explicitly depends
on the generalized inverse of the matrix of PG brackets of constraints. Because of
this we proceeded from quantization of brackets in (11)–(13) alone, hoping that the
results can be compatible with the right hand side of the commutators similar to
[êαI̟α, ω̂
IJ
ν ] when ê
α
I̟α is treated as a composite operator. However, the validity
of this workaround and formal calculation of Dirac brackets (11)-(13) needs further
scrutiny.
The immediate consequences of our approach are that (i) the quantum dynamics
is described in the space of spin connection coefficients ω, (ii) the metric becomes a
composite operator, eq. (26), (iii) the quantum description of geometry is achieved in
terms of the transition amplitudes 〈ω, x|ω′, x′〉 which obey the covariant Schro¨dinger
equation, eq. (20).
We also noticed that the correct value of the cosmological constant can be obtained
from the dimensionless number of order unity, which appears from the ordering of op-
erators in eq. (20), if the parameter κ of precanonical quantization corresponds to the
energy scale of roughly 102MeV , which is a rather unexpected fact to be understood.
One of the motivations to consider the vielbein formulation as a starting point
of precanonical quantization was a desire to understand if the hybrid formulation of
precanonical quantum gravity in [6], with its “bootstrap condition” and the space-time
emerging from the self-consistency requirement, is indeed a feature of precanonical
quantum gravity or a reflection of limitations of the metric formulation. Whereas the
present consideration seems to suggest the latter, the certain answer requires clarity
regarding the treatment of the second class constraints in DW formulation of vielbein
gravity.
8
References
[1] H. Kastrup, Canonical theories of dynamical systems in physics, Phys. Rep. 101
(1983) 1-167;
I.V. Kanatchikov, Canonical structure of classical field theory in the poly-
momentum phase space, Rep. Math. Phys. 41 (1998) 49-90, hep-th/9709229.
[2] M. Gotay, J. Isenberg, J. Marsden, Momentum maps and classical relativistic
fields. Part 1: Covariant field theory, physics/9801019;
Momentum maps and classical relativistic fields. Part II: Canonical analysis of
field theories, math-ph/0411032.
[3] I.V. Kanatchikov, On quantization of field theories in polymomentum variables,
in AIP Conf. Proc. 453 (1998) 356-367, hep-th/9811016;
I.V. Kanatchikov, De Donder-Weyl theory and a hypercomplex extension of
quantum mechanics to field theory, Rep. Math. Phys. 43 (1999) 157-170,
hep-th/9810165;
I.V. Kanatchikov, Geometric (pre)quantization in the polysymplectic approach
to field theory, hep-th/0112263.
[4] I.V. Kanatchikov, Towards the Born-Weyl quantization of fields, Int. J. Theor.
Phys. 37 333-342 (1998), quant-ph/9712058;
I.V. Kanatchikov, Precanonical quantization and the Schro¨dinger wave functional,
Phys. Lett. A283 25-36 (2001), hep-th/0012084.
[5] I.V. Kanatchikov, Precanonical quantization and the Schro¨dinger wave functional
revisited, arXiv:1112.5801.
[6] I.V. Kanatchikov, Precanonical quantum gravity: quantization without the space-
time decomposition, Int. J. Theor. Phys. 40 1121-1149 (2001), gr-qc/0012074.
See also: I.V. Kanatchikov, From the De Donder-Weyl Hamiltonian formalism
to quantization of gravity, gr-qc/9810076; Quantization of gravity: yet another
way, gr-qc/9912094; Precanonical perspective in quantum gravity, Nucl. Phys.
Proc. Suppl. 88 326-330 (2000), gr-qc/0004066.
[7] G. Esposito, G. Gionti, C. Stornaiolo, Space-time covariant form of Ashtekar’s
constraints, Nuovo Cim. 110B 1137-52 (1995), gr-qc/9506008.
[8] X. Gracia, R. Martin, N. Roma´n-Roy, Constraint algorithm for k-presymplectic
Hamiltonian systems. Application to singular field theories, arXiv:0903.1791;
M. Castrillo´n Lo´pez, J.E. Marsden, Some remarks on Lagrangian and Poisson
reduction for field theories, J. Geom. Phys. 48 52-83 (2003);
G. Sardanashvily, Constraints in polysymplectic (covariant) Hamiltonian formal-
ism, math-ph/0008024;
C.M. Campos, M. de Leon, D.M. de Diego, Constrained variational calculus for
higher order classical field theories, arXiv:1005.2152.
9
[9] I.V. Kanatchikov, On a generalization of the Dirac bracket in the De Donder-Weyl
Hamiltonian formalism, In: Differential Geometry and its Applications, Proc.
10th Int. Conf. on Diff. Geom. & Appl., Olomouc, August 2007, O. Kowalski, D.
Krupka, O. Krupkova´ and J. Slova´k (Eds.) (World Scientific, Singapore, 2008)
615-625, arXiv:0807.3127.
[10] C. Misner, Feynman quantization of General Relativity, Rev. Mod. Phys. 29 497-
509 (1957).
10
